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Abstract

It is well-known that the class of lattices generated by CFGs is strictly included in the class of upper locally
distributive lattices. However a full characterization for this class is still an open question. In this paper, we
settle this problem by giving a full condition for this class. This condition allows us to build a polynomial-
time algorithm for constructing a CFG which generates a given lattice if such a CFG exists. Going further,
we solve the same problem on two other classes of lattices which are generated by CFGs on the classes of
undirected graphs and directed acyclic graphs.
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1. Introduction

Chip Firing Game is a discrete dynamical model which was first defined by A. Bjorner, L. Lovasz and W.
Shor while studying the ‘balancing game’ [5, 6, 18]. The model has various applications in many fields of
science such as physics [9, 1], computer science [5, 6, 11], social science [2, 3] and mathematics [3, 16, 17].

The model is a game which consists of a directed multi-graph G (also called support graph), the set of
configurations on G and an evolution rule on this set of configurations. Here, a configuration c on G is a map
from the set V(G) of vertices of G to non-negative integers. For each vertex v, the integer c(v) is regarded as
the number of chips stored in v. In a configuration c, vertex v is firable if v has at least one outgoing edge
and c(v) is not smaller than the out-degree of v. The evolution rule is defined as follows. When v is firable
in c, c can be transformed into another configuration c′ by moving one chip stored in v along each outgoing

edge of v. We call this process firing v and write c
v
→ c′. An execution is a sequence of firing and is often

written in the form c0
v1
→ c1

v2
→ c2 · · · → ck−1

vk
→ ck. The set of configurations which can be obtained from c

by a sequence of firing is called configuration space, and denoted by CFG(G, c).
A CFG begins with an initial configuration O. It can be played forever or reaches a unique fixed point

where no firing is possible [10]. When the game reaches a unique fixed point, CFG(G,O) is an upper locally
distributive lattice with the order defined by setting c1 ≤ c2 if c1 can be transformed into c2 by a (possibly
empty) sequence of firing [14]. A CFG is simple if each vertex is fired at most once during any execution to
reach its fixed point. Two CFGs are equivalent if their generated lattices are isomorphic.
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