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The cost of sequentialisation

κ(f ,w) : number of additional nodes required to sequentialisate f
with the schedule w .

κmin(f ) = min({κ(f ,w) | w a sequential schedule })

κ|A|,n = max({κ(f ,w) | f : An → An and w a sequential
schedule})

κmin
|A|,n = max({κmin(f ,w) | f : An → An})
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Confusion graph Gf ,w
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κn : Lower bound and conjecture
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x f (x)f1,2(x)
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κn : Lower bound and conjecture
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ω(Gf ,w ) ≥ 2n/2 = 22

Florian BRIDOUX On the Cost of Sequentialisation of Automata Networks 2017 6/15



κn : Lower bound and conjecture

f

1

2

3

4

w = (1, 2, 3, 4)

x f (x)f1,2(x)

ω(Gf ,w ) ≥ 2n/2 = 22

χ(Gf ,w ) ≥ 2n/2 = 22

Florian BRIDOUX On the Cost of Sequentialisation of Automata Networks 2017 6/15



κn : Lower bound and conjecture
f

1

2

3

4

w = (1, 2, 3, 4)

x f (x)f1,2(x)

ω(Gf ,w ) ≥ 2n/2 = 22

χ(Gf ,w ) ≥ 2n/2 = 22

κ(f ,w) ≥ n/2 = 2

Florian BRIDOUX On the Cost of Sequentialisation of Automata Networks 2017 6/15



κn : Lower bound and conjecture

f

1

2

3

4

w = (1, 2, 3, 4)

x f (x)f1,2(x)

Theorem. bn/2c ≤ κn

Florian BRIDOUX On the Cost of Sequentialisation of Automata Networks 2017 6/15



κn : Lower bound and conjecture

f

1

2

3

4

w = (1, 2, 3, 4)

x f (x)f1,2(x)

Theorem. bn/2c ≤ κn

Conjecture. κn = bn/2c

Florian BRIDOUX On the Cost of Sequentialisation of Automata Networks 2017 6/15



Upper bound for κq, n : n/2 + log(n)

x . . .

x ′ . . .

y. . .

y ′. . .

i = 1

x . . .

x ′ . . .

y. . .

y ′. . .

i = 3

Let E 1, . . . ,Ep be a partition of An and x1 ∈ E 1, . . . , xp ∈ Ep

such that :

if f (x) = f (x i ) and x[n/2,n] = x1
[n/2,n] then x ∈ E i .

d[1,n/2](E
1) ≤ qn/2.

∀i ∈ [n/2, n], di (E
1) ≤ qn−i ∗ qi−n/2 = qn/2.

d(E 1) ≤ (n/2 + 1)qn/2.

Theorem. κq,n ≤ n/2 + logq(n/2 + 1).
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Lower bound for κmin
2,n : n/4

x

2k2k

E = {1, 3}
Ē = {2, 4}

∀i ∈ [n, 2], fi (x) = xi

if |E | = |Ē | = k :

fE (x) = xĒ
fĒ (x) = xE

else :

f (x) = x
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Ē = {2, 4}

∀i ∈ [n, 2], fi (x) = xi

if |E | = |Ē | = k :
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fE (x) = xĒ
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Lower bound for κmin
2,n : n/4

w = (4, 2, 1, 3, 5, 6, 7, 8)

x

x2 x4

f4(x) x2

f{4,2}(x)

f{4,2,1}(x) x2

f{4,2,1,3}(x) x2 x4
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Lower bound for κmin
2,n : n/3

x

2k k

E = {3, 5, 6}
Ē = {1, 2, 4}

x3 x5 x6

Theorem. κmin
2,n ≥ n/3
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Lower bound for κmin
q,n when q ≥ 4 : n/2− logq(n)

x

2k logq(2k)

E = {1, 2, 6}
Ē = {3, 4, 5}

x1 x2 x6

Theorem. When q ≥ 4, κmin
q,n ≥ n/2− logq(n)
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Ē = {3, 4, 5}

x1 x2 x6

Theorem. When q ≥ 4, κmin
q,n ≥ n/2− logq(n)

Florian BRIDOUX On the Cost of Sequentialisation of Automata Networks 2017 11/15



Lower bound for κmin
q,n when q ≥ 4 : n/2− logq(n)

x

2k logq(2k)

E = {1, 2, 6}
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κmin(f ) ≤ Pw(Ig(f )) + 1

1 2 3 4 5

x1 x2 x3 x4 x5

f

y1 y2 y3 y4 y5

1 2 3 4 5 6 7

x1 x2 x3 x4 x5

1 3 5

g6

x1 x2 x3 x4 x5 y1 + y3 + y5

2 4

g6,7

x1 x2 x3 x4 x5 y1 + y3 + y5 y2 + y4

g6,7,1

y1 x2 x3 x4 x5 y1 + y3 + y5 y2 + y4

g6,7,1,2

y1 y2 x3 x4 x5 y1 + y3 + y5 y2 + y4

g6,7,1,2,3

y1 y2 y3 x4 x5 y1 + y3 + y5 y2 + y4

g6,7,1,2,3,4

y1 y2 y3 y4 x5 y1 + y3 + y5 y2 + y4

g6,7,1,2,3,4,5

y1 y2 y3 y4 y5 y1 + y3 + y5 y2 + y4
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Conclusion and perspective

Principal results :

κ(f ,w) = dlog(χ(Gf ,w ))e.
n/2 ≤ κq,n ≤ n/2 + logq(n).

n/3 ≤ κmin
q,n .

When q ≥ 4, n/2− logq(n) ≤ κmin
q,n .

κmin(f ) ≤ Pw(Ig(f )).

Currently studying :

Smallest n-universal networks.

Smallest sequential program to compute function.
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